We prove the vanishing of the Koszul homology group Hµ(Kos(M )µ), where µ is the minimal number of generators of M . We give a counterexample that the Koszul complex of a module is not always acyclic and show its relationship with the homology of commutative rings.
Introduction
The acyclicity of the Koszul complex Kos(M )=Λ(M )⊗ A S(M ) of a module M over a commutative ring A, for a flat module M or a Q-algebra A, has been known for many years (see e.g. [2] or [10] ). Since then, and to our knowledge, no new general results have been shown. Recently, F. Sancho de Salas conjectured that the Koszul complex Kos(M ) of a module M over a sheaf of rings O is always acyclic ([11, Conjecture 2.3] ). The purpose of this note is to shed some light on this intriguing question. We first prove the vanishing of a specific Koszul homology group in full generality. Then we give a counterexample, minimal in some sense, to the conjecture of F. Sancho de Salas. Finally we discuss a particular case of flat dimension one and show its relationship with the André-Quillen homology theory.
Let A be a commutative ring, M be an A-module and Kos(M )=Λ(M )⊗S(M ) be its Koszul complex, where Λ(M ) and S(M ) stand for the exterior and symmetric algebras of M . Recall that Kos(M )= n≥0 Kos(M ) n is a graded complex whose
is the pth piece of the chain complex Kos(M ) n , p+q=n. The differentials are defined as follows: if x 1 , ..., x p and y 1 , ..., y q are in M , then
Clearly, the 0th homology group H 0 (Kos(M )) is the base ring A. As said before, for n≥1, Kos(M ) n is acyclic provided that M is a flat A-module or n is invertible in A ([2, AX, Section 9.3, Example 1 and Proposition 3] and the solution to [2, AX, Section 9, Exercise 1] show that n invertible implies Kos(M ) n is acyclic). On the other hand, using general properties of the symmetric algebra, one can see that the first homology group H 1 (Kos(M ) n ) is zero for all n≥1 (see e.g. [9, Lemma 2.5]). In particular, if H p (Kos(M ) n ) were nonzero, then necessarily p≥2, n≥2 and the minimal number of generators µ=µ(M ) of M would have to be µ≥2.
Vanishing of H µ (Kos(M ) µ )
Let µ≥2 be the minimal number of generators of M . Then H µ (Kos(M ) µ )=0. Indeed, first consider the antisymmetrization homomorphism
where u 1 , ..., u µ are in M , σ runs over the symmetric group of µ elements and ε σ denotes the sign of σ (see e.g. [5, p. 3] ).
On the other hand, for a set of µ generators u 1 , ..., u µ of M , Flanders constructs a homomorphism
is generated by the single element u 1 ∧...∧u µ , then clearly Φ µ ¤a µ =1. In particular, Φ µ ¤b µ−1,0 ¤∂ µ,0 =1 and ∂ µ,0 is injective. Thus H µ (Kos(M ) µ )=0.
A counterexample
Therefore, in order to find a module M minimally generated by µ≥2 elements with H p (Kos(M ) n ) =0, being p, n≥2 as small as possible, we must consider p=n=2
